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In the construction of sets of orthogonal Latin hypercubes and in the study 
of finite projective geometries, the following question arises: Given an r-dimen- 
sional vector space over a finite field, what is the maximum number of vectors 
that can be found such that any r form a basis for the space? With the aid of 
combinatorial results arising from the study of hypercubes, in this paper we 
obtain results for (n - I)-dimensional spaces over fields of n elements. 
1. INTR~OUCTI~N 
As in [3], we define L(n, k, r) and V(n, k, r) spaces as follows: 
DEFINITION 1. Let S be a set of n elements, n > 1, and let r and k be 
integers, 1 < r < k. An L(n, k, r) configuration over S is a set of nr 
distinct ordered k-tuples (x1 ,..., xk), xi in S, such that xi = yi for r 
subscripts i implies that 
Thus if we select any r components, every possible r-tuple over S occurs 
exactly once as we range over the elements of an L(n, k, r). 
The L(n, k, r) spaces may be regarded as sets of orthogonal Latin 
hypercubes or alternatively as generalizations of Bruck’s finite nets 
L 2, 51. 
DEFINITION 2. If we take for S the Galois field GF(n), IZ = p”, then 
an L(n, k, r) over S is termed a V(n, k, r) space provided the L(n, k, r) 
forms a vector space over GF(n) when we regard its elements as vectors 
in the usual manner. Thus a V(n, k, r) is an r-dimensional space of 
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k-tuples over GF(n), all of whose non-zero vectors have fewer than r 
zero components. 
A V(n, k, r) space is equivalent to a set of k points in (r - I)-dimensional 
projective space over GF(n), no r of which lie in a proper subspace. Such 
sets are called k-arcs (see, for example, Segre [4]). 
DEFINITION 3. We denote by K,(r) the largest value of k for which a 
V(n, k, r) exists, and by L,(r) the largest value of k for which an L(n, k, r) 
exists. 
For r = n - 1 it is known that K,(r) = n + 1 when n is odd [3]. 
In this paper we treat the case r = II - 1 when rz is even. Our main 
theorem gives improved upper bounds for L,(r) for infinitely many values 
of n. As a corollary to this, for n = 2” (m > 1) we find that K,(n - 1) = 
n + 2 for m sf: 3 mod 6, and K,(n - 1) < II + 6 for m = 3 mod 6. 
2. MAIN THEOREM 
Let S = (1, 2,..., n} be a set of n elements. In the following, any 
L(n, k, r) space will be assumed to be over the set S. 
LEMMA. Let L be an L(n, k, r) space with n > 2 and r > 2. Then given 
any element c in L there exists an element din L such that c and d agree in 
no components, 
Proof. Without loss of generality let c = (1, l,..., 1). 
Case 1. k < n + r - 1 (recall k > r). Let x1 ,..., x, be the n elements 
of L having 2 in the first r - 1 positions. Since no two of the xi can agree 
in any further positions, each of l,..., n occurs exactly once as a j-th com- 
ponent among the xi, j = r,..., k. Hence 1 occurs in exactly k - (r - 1) 
of the xi, and since k - r + 1 < n, there is an xi with no 1’s. 
Case2. k=n+r-1. (Since n>2, we must have rtn by 
Theorem 1, part (5) of [3].) Thus 2r - 2 < n + r - 1 = k. Let x1 be 
an element of L (other than c = (I, I,..., 1)) which has 1 in positions r 
through 2r - 2. Since x1 has no further l’s, we will assume for notational 
convenience that x1 has 2 in positions 1 through r - 1. Let x2 ,..., x, be 
the n - 1 other elements of L with 2 in positions 1 through r - 1. 
Arguing as in Case 1, we see that 1 occurs exactly once as a j-th component 
among xa ,..., x, (j = (2r - 2) + l,..., k). However, k - (2r - 2) = 
(n + r - 1) - (2r - 2) < n - 1. Therefore, at least one of the elements 
x2 ,..., x, has no 1’s. 
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THEOREM. Let r > 4, n > 2, and n = 1,2,4 or S(modulo 9). Then 
L,(r) < n + r - 2. 
Proof. By Theorem 1, part (I), of [3] it suffices to show the non- 
existence of an L(n, k, r) with r = 4, k = II + 3, and n E 1,2,4 or 5 
(modulo 9). Suppose, then, there exists an L = L(n, n + 3,4). By the 
lemma, we may assume that in L there are elements c = (l,..., 1) and 
d = (2,..., 2). 
Consider now the array 
where x, y, z, w are distinct integers from the set (1, 2,..., n + 3}, with 
x < yandz < w. 
The number of such arrays is 
(” i “,@) = 
(n + 3)(n + 2)(n + 1) n 
4 * 
Denote by IA the unique element in L which has a 1 in positions x and y 
and a 2 in positions z and W. By Lemma 6 of [5], IA agrees with each of c 
and din exactly three positions; i.e., lA has exactly three l’s and three 2’s. 
Thus in the mapping A + IA , each IA has exactly (i)2 = 9 preimages. 
Therefore 
(n + 3)(n + 2)(n + 1) n 
4 
is divisible by 9, contradicting the assumption that n = I, 2,4 or 5 
(modulo 9). 
COROLLARY. Let n = 2”(m > 1). Then K,(n - 1) = n + 2 form f 3 
(modulo 6), and Kn(n - 1) < n + 6 for m = 3 (modulo 6). 
Proof. K,(n - 1) 3 n + 2 by parts (3) and (6) of Theorem 1 of [3]. 
For m even, n - 1 is divisible by 3, and so, by the corollary of Theorem 2 
[3], K,(n - 1) < n + 2. If m = 1 or 5 (modulo 6), then n = 2 or 5 
(modulo 9); by the main theorem of this paper K,(4) ,( n + 2 and so by 
part (3) of Theorem 1 of [3] we again have K,,(n - 1) < n + 2. Hence the 
first statement of the corollary is proved. Next, suppose m = 3 (modulo 6). 
Then 7 divides n - 1, and again applying the corollary of Theorem 2 [3], 
we have K,(n - 1) < n + 6. 
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